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Every vertex of an abstract-directed graph is characterized in terms of a two- 
person game. A vertex is winnirrg if by choosing it a player can assure himself 
of a win, it is losing if by choosing it he cannot prevent his opponent from winning, 
and it is drawing if it is neither winning nor losing. The sets of winning, losing, 
and drawing vertices are identified in terms of a set-valued function on the 
graph. 
INTRODUCTION 
Consider a game played by two players on a graph (V, O), where V is a 
(finite) set of vertices and D C V x V is a set of directed arcs. The set of 
predecessors of a vertex u E V is the set P(v) = {x E V j (x, v) E D} and the set 
of predecessors of a subset SC Y is the set P(S) = uVos P(V). For each 
S C V the complement of P(S) is denoted U(S) = V - P(S). Thus U(S) is the 
set of vertices which do not precede any vertex in S. Denote by lJ2 the 
composition of U with itself. 
The game is played as follows: Player I selects a vertex zil E V, C V. Player II 
selects any vertex v2 such that zil E P(v&. Player X then selects any vertex us 
such that v2 E P(Q), and so forth. If a player selects a vertex v such that 
v E U(V), i.e., a vertex which precedes no other, then that player wins and 
his opponent losses. We call the set U(V) the set of terminal vertices. 
A set SC V such that S = U(S) is called a kernel of the graph. It is well 
known (cf. [l, p. 3201) that if the graph possesses a kernel S, and if a player 
chooses a vertex in S, then he can play in such a way that he is assured of a win 
or a draw; i.e., he can assure that he will not lose. 
In this paper we characterize all vertices of the graph. A vertex is winning 
if by choosing it a player can assure himself of a win, losing if by choosing 
it he cannot prevent his opponent from winning, and drawing if it is neither 
winning nor losing. We also determine for each winning vertex the minimum 
number of moves in which a player can assure a win, and for each losing 
vertex the maximum number of moves in which a player can forestall a loss. 
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This treatment will be compared to the similar work presented in [5], which 
largely follows the original treatment of [2, 71. 
z'%NALYSIS 
Define the following collection of subsets of V. Let A, = D’ and for 
n = I, 2,... define A, = U2(A,-1). Then A, = U(V), the set of terminal 
vertices, and for y1 = 1, 2 ,..., the sets A, have the following properties. 
PROPOSITION. (a) A,-., CA, ; (b) A, C U(A,). 
Proof. Observe that A C B implies U(B) C U(A) and consequently 
U2(A) C U2(B). Propositions (a) and (b) are both true for n = 1. Suppose that 
it has been shown for some n that A,-, CA,. Then A, = U2(A,-,) C 
u2GL) = A,,, > and thus (a) is true for all n. Suppose that it has been shown 
for some y1 that A,C U(A,). Then Anfl = U2(A,) C U2( U(A,)) = U( V(A,)) = 
U(A,,,) and so (b) is true for all n, completing the proof. 
It follows from Proposition (a) and from the finiteness of V that for n 
sufficiently large, A, = A,+1 . Denote by n* the smallest such n; then 
A,. = A,*+1 = U2(A,,). Note that Proposition (a) implies .4,, = u A,. 
THEOREM. The set of winning vertices is precisely the set A,, ; the set of 
iosing vertices is P(A,*); the set of drawing vertices is U(A,*) - A,* . 
Proof. First we show that every vertex in A,, = lJ A, is winning. 
Suppose a player picks a vertex a, E A, . If a,, F A, = U(V), that player has 
won. Otherwise, his opponent must pick a vertex 6, such that a, E P(b3. 
Since A, = U2(AnmI) = U(U(A,-,)) it follows that a, precedes no vertex 
in U(A,-,) and so, since a, precedes b, , b, E P(A&; i.e., b, precedes some 
vertex in AnpI . Thus the original player can pick a vertex a,-, E A,-, such 
that b, E P(a+3 and so fosth. After making n choices in this way, the original 
player will have picked a terminal vertex a, E A, , and so have won the game. 
Thus every vertex in A,, is winning. 
It follows immediately that every vertex in P(A,*) is losing. If a player 
picks a vertex in P(A,,), he cannot prevent his opponent from choosing a 
vertex in A,, and winning. It remains to show that every other vertex in I’, 
i.e., every vertex in U(A,,) - A,, , is neither winning nor losing. 
Suppose a player chooses a vertex v E U(A,,) - A,, . His opponent must 
choose a vertex w  such that v E P(w). Since A,, is contained in U(U(A,,)), 
no vertex in U(A,,) precedes any vertex in A,, , so w  # A,, , But A,, contains 
U(U(A,,)) and so, since o $ A,, , it follows that v E P(U(A,*)). Thus there is 
an x E U(A+) such that u E P(x). Since v E U(A,*), we know that x $ A,, , 
and so x E U(A,,) - A,, . 
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Thus if a player chooses a vertex v E U(A,,) - A,, , his opponent can 
respond only by choosing a vertex w  which is not in A,, . If w  E P(A,*), 
then the opponent cannot prevent a loss. But we have shown that for each such 
vertex v, the opponent can choose another vertex x E U(&,) - A,, . Thus, 
once a vertex u in U(&) - A,, is chosen, each player can choose in such a 
way that he never chooses a vertex in P(&), and his opponent never has an 
opportunity to choose a vertex in A,, . In particular, his opponent never has 
an opportunity to choose a terminal vertex. So each player can make his 
choices in such a way as to assure that he will not lose, and his opponent will 
not win. Hence no vertex in U(A,,) - A,* is either winning or losing. 
It is clear from the proof that if a player chooses a winning vertex u, then 
the minimum number of choices in which he can be sure that he will win is 
equal to the smallest nz such that v E A, . If a player chooses a losing vertex 
v, then the maximum number of choices which he can be sure of making 
before he loses is equal to the smallest m such that z, E P(A,). In the termino- 
logy of Smith, a vertex 21 in the set A, - AneI has a remoteness of 2(~2 - 1) 
from the terminal nodes-he is referring to the total number of choices 
remaining to both players in an optimal play of the game. 
EXAMPLE. 
0 s 
In this graph, which has no kernel, the sets A, = (a]; AZ = A,* = (a, c}; 
P(A,*) = {b, d}; and U(A,*) - A,* = {e,A g>. 
CONCLUDING REMARKS 
The assumption that V is a finite set is made only to simplify the presenta- 
tion. If Y is a set of arbitrary ordinality, we must define whether a vertex is 
“winning” if it results in the choice of a terminal vertex after only a finite 
or after an arbitrary sequence of choices. In either case, generalization of the 
results presented here is straightforward (cf. [4]). 
It is not difficult to show that any kernel of a graph must contain every 
winning vertex, or that if a graph has no circuits every vertex is either winning 
or losing, since in this case A,* = U(A,*) is the unique kernel (cf. [I, p. 31 I]). 
(The set A,* is the smallest fixed-point of the kind defined in [3], and every 
kernel is a maximal fixed-point of the same kind.) 
Like the kernel, which has the same mathematical structure as a solution 
of a cooperative game (cf. [6], the set A,* has the same structure as the 
sltpevcove of a cooperative game (cf. [4]). 
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